Calcul Integral
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1 Functii integrabile
Problema 1.1 Sd se calculeze
1 2n k2
lim — Z — arcsin —.
n—oop° ;= 8 n
Rezolvare: Definim sirul
1 22 k? k
an=— Z — arcsin —.
n’ (o n
Acest sir se poate scrie sub forma
1 2% k2 ok
anp=— (—) arcsin —.
2n ;5 \2n 2n

Functia f:[0,1] = R, f(x) = x2 arcsin x este o functie continua. Daca se considera di-
viziunea echidistanta
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[ < —_
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si punctele intermediare

gt:{1 .,ﬁ’. ZI’L}
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atunci sirul a,, se va scrie ca o suma Riemann a functiei f



Tinand cont de faptul ca
1
lim [[A,ll = lim — =0
n—oo n—oo2n
ajungem la
1
lim a, :f x% arcsinx dx.
n—oo 0
Pentru a calcula integrala

1
I:f x?arcsinxdx
0

facem schimbarea de variabilad x = sin # si obtinem
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n final,
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Problema 1.2 Sd se calculeze
n
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Rezolvare: Este verificatd inegalitatea
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Sumele
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sunt sumele Riemann ale aceleiasi functii

flx) =

1
V1+ x2

relative la diviziunea .
n
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cu multimea punctelor intermediare
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Obtinem
dx=1n(1+V?2).
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2 Calculul unor integrale definite

Problema 2.1 Sd se calculeze

1
I= f (1 +2x29%5) e~ ¥ g x.
-1

Rezolvare:

1 1 1
I = f (1+2x2025)e_'x|dx:f e ¥ dx+2f 12925071l g =
-1 -1 e e
para impara

1
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Problema 2.2 Sd se calculeze

a _ n-1
I:f Mdx, a>0.
0 (a+x)n+1



Rezolvare:

“la-x)"" “ra—xyn-1_ 1
I = fo (Z+§)n+1dx:fo (Z+§)n 1(a+x)2dx:
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Problema 2.3 Sd se calculeze valoarea integralei

1
I:f nxt*dx, neN*, k=0
0

unde {-} reprezintd partea fractionard.

Rezolvare: Ne vom folosi de urmatorul rezultat: " daca f este o futie periodica cu pe-
rioada T >0,

f=fx+1)

atunci g(x) = f(ax), a > 0 este o functie periodica cu perioada %

g(x) = flax) = flax+T) =f(a(x+%)) =g(x+£)."

Functia parte fractionara, {}, are perioada 1 si deducem c functia {n-}* are perioada %
Obtinem

1 0+ni 1
I :f (nx}*dx :f (nx}fdx = nf (nx}* dx.
0 0 0
Tinand cont de faptul ca
x€[0,1)>nxe€[0,1) = {nx}=nx
ajungem la
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Problema 2.4 Fie f : R — R, o functie periodicd de perioadd T > 0. Sd se arate cd [ are
primitivele functii periodice dacd si numai dacd

T
f fx)dx=0.
0
Se presupune cd [ este integrabild pe orice interval inchis si mdrginit.
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Rezolvare: Deoarece doua primitive difera intre ele printr-o constanta este suficient sa
consideram primitiva

F(x) = f fndt.
0

Daca F este periodica atunci F(x+ T) = F(x) Vx € R. Considerand x = 0 ajungem la
F(T) = F(0). Mai mult, F(0) = 0 si obtinem

T
F(T) :f fx)dx=0.
0

Invers,
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F(x+ T):f f(t)dt:f f(t)dt+f o dt
0 0 X

Folosind faptul ca
x+T T
| rwar= | rwai=o
X 0

obtinem
X
F(x+T) :f f)dt=Fx),VxeR.
0
Problema 2.5 Fie f:R — R definitd prin

sin®” x

flx) =

cos?" x + sin?" x

Sd se determine valoarea c € R astfel incdt functia f + ¢ are o primitivd periodicd.

Rezolvare: Functia f + c este o functie periodicad de perioadd T = w. Obtinem

T T
f (f(x)+c)dx:f fx)dx+cn=0.
0 0

Se ajunge la

1 (™ 1 (" sin?" x
c:——f f(x)dx:——f > —-—dx.
7 Jo tJo cos“x+sin“"x

Mai mult,
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5 —, - dx= 5 —,—dx+
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Folosind cele de mai sus avem

. s
2 (2 sin?" x 2 (2 cos?" x
c=—— > ——dx=—— > —-—dx.
T Jo cos*"x+sin“"x TJo cosx+sin“"x
In final,
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Problema 2.6 Sd se calculeze limita sirului

n 1
ap = f 5 — dx.
0 1+ n=arcsin”(sinx)
Rezolvare: Pentru orice n € N* functia

1

1 + n2 arcsin?(sin x)

fn(x) =

este o functie para, periodica de perioada T = 7. Se observa ca sirul a, poate fi scris
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unde [-] reprezinta functia parte intreaga si

n
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fn(x)dx,

n
an:n—ﬂ[—],ane(o,n).
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Mai mult, folosind periodicitatea functiei f,, obtinem
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fn(x)dx.
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Deoarece a, € (0,7) si f,,(x) >0 avem
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Acest sir de inegalitati conduce la

lim b, =0.
n—oo
In final,
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Problema 2.7 Sd se calculeze limita sirului

n 1
dn:f de
o 1+n-cos~x

Rezolvare: Pentru orice n € N* functia

fn(x) =

1+ n?cos?x

este o functie para si periodica de perioada n. Legat de sirul a, obtinem

a :fnf (x)dx:fn[%]f (x)dx+fan+”
n 0 n 0 n [
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fn(x)dx =
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unde am definit

n
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O primitiva a functiei f;, pe intervalul [0, 7 | este

e o3
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si deducem ca
2 1 b4
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Mai mult, sirul de inegalitati

n
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In final,
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